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Abstract. This paper studies properties of tilings of the plane by parallelograms. In 
particular it is established that in parallelogram tilings using a finite number of shapes 
all tiles occur in only finitely many orientations. 



I. Introduction 

Parallelogram tilings, in particular rhomb tilings, are a fundamental family in the 
mathematical study of tilings, in both aperiodic order with its links to quasicrystals and 
in the study of random tilings. In addition they provide visual models for a wide range 
of mathematical structures. 

The most famous aperiodic parallelogram tiling is certainly the Penrose tiling |Pen79| 
IGar77| IHF] in the version with rhombic tiles. Many other aperiodic tilings use par- 
allelograms as tiles, including the Ammann-Beenker tilings [AGS92, Bee82], or more 
generally, all canonical projection tilings [FHK021 IHL04j . Further examples arise in 
the study of geometric representations of substitutive dynamical systems, see for in- 
stance |Pyt02| . Such models are of particular importance in the study of mathematical 
quasicrystals |SBGC84] and systems with long range aperiodic order |BM00t IMoo97j . 

In random tilings parallelogram tilings are also of importance. Usually finite tilings 
are considered, lozenge tilings of polygons |KO07l IBFRRll] , or parallelotope tilings of 
zonotopes [DWMB05, CR06], but infinite random parallelogram tilings are also stud- 
ied [BFR08J. In this paper we focus on infinite tilings of the plane, but some results are 
also valid and relevant for finite tilings, for instance Lemma |2.3 and Lemma 2A 



Parallelogram tilings also turn up in the study of pseudo-line arrangements in com- 
binatorics (for example |AS05l IGoo80| ). as a visualisation of reduced words in Coxeter 
groups |Eln97] and, through random tilings and Dimer models, they link to a wide va- 
riety of physical models |Sti08j . The use of parallelogram tilings in a wide variety of 
mathematics is discussed further on Math Overflow |Spe| . 

Interestingly, there are aperiodic tilings of the plane with polygonal tiles where the tiles 
occur in an infinite number of orientations: The Pinwheel Tiling |Rad94] is an example 
of a tiling using only one kind of tile (a triangle with edge lengths 1, 2 and a/5) where the 
tiles occur in infinitely many orientations throughout the tiling. A comprehensive study 
of this phenomenon is |Fre08j . There are also tilings using two kinds of quadrilaterals in 
which the tiles occur in infinitely many orientations [BFG07J, see for instance the Kite 
Domino Tiling in the online resource [HFJ. (Click "Kite-Domino" on the main page for 
information about the Kite Domino Tiling, and then "Infinite rotations" for a list of 
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other examples.) Our main result states that such a behaviour is impossible if all tiles 
are parallelograms. 

By definition, a parallelogram has two pairs of parallel edges. In a parallelogram 
tiling therefore there are natural lines of tiles linked each sharing a parallel edge with 
the next. These lines are called worms and were used by Conway in studying the Penrose 
tilings |GS87j . We will follow Conway to call these lines worms. Figure [3] shows three 
(finite pieces of) such worms. In this paper we consider the structure of these worms 
and use them to prove results on parallelogram tilings. In particular, our main result 
states that no parallelogram tiling using finitely many different parallelograms can have 
tiles in infinitely many orientations. 

This paper is organised as follows: The first section defines the necessary terms and 



notations. The next section is dedicated to the proof of our main result Theorem 2.5 It 



contains several results which may be of interest on their own in the study of parallel- 



ogram tilings, for instance the Crossing Lemma [2.3| or the Travel Lemma [2. 4| The last 
section contains some additional remarks. 

A tiling T of the plane IR 2 is a packing of IR 2 which is also a covering of IR 2 . Usually, 
the tiles are nice compact sets, and the tiling is a countable collection of tiles Tf T = 
{T 1 ,T 2 ,. ..}. The covering condition can then be formulated as (JjTj = an d the 
packing condition as int(Tj) D int(Tj) = for i ^ j, where hit (A) denotes the interior 
of A. 

The set of congruence classes of tiles in a tiling T is called protoset of T . Its elements 
are called prototiles of T. A tiling is called locally finite, if each ball Bel 2 intersects 
only a finite number of tiles of T. A tiling T is called vertex-to-vertex, if all prototiles 
are polygons, and for all tiles in T holds: If x G IR 2 is vertex of some tile T G T, then 
x G X" G T implies x is a vertex of T'. 

General Assumption: Throughout the paper, only locally finite vertex-to-vertex 
tilings are considered. Moreover, the the prototiles will always be parallelograms. In 
particular, all tiles have nonempty interior. 



Definition 1.1. Let T be a tile in a parallelogram tiling, and let e be one of its edges. 
There is a unique tile Ti sharing the edge e with T. Let e% ^ e denote the edge of 
Ti parallel to e. There is a unique tile T 2 sharing this edge with Ti. Repeating this 
yields a (one-sided) infinite sequence of tiles T,T\,T 2 , . . . uniquely given by T and e. 
Repeating this on the edge of T which is opposite of e yields a further (one-sided) 
infinite sequence of tiles T_i,T_2, .... In this way, T and e define a unique biinfinite 
sequence W := . . . T_ 2 , T_i, T, Ti, T 2 , . . .. We will call this sequence the worm given by 
T and e, and any such sequence just a worm. The intersection of two worms W, W is 
defined as W n W = {T \ T G W, T G W'}. 

Worms are also called de Bruijn lines [DWMB05J or ribbons [BFRRllJ. Worms cor- 
respond to pseudo-line configurations [AS05, Goo80j . and to grid lines used in the con- 
struction of canonical projection tilings by the multigrid method [GR86j. 



Definition 1.2. Let e be some edge in a parallelogram tiling. The set of all worms 
which are defined by edges parallel to e is called the worm family ( given by e ). 
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2. Proof of the Main Result 

In this section we collect some basic results on worms, which will be used in the next 
section. The first result states that a worm cannot bend "too much" . In order to state 
this precisely, we define the open cone C(x,a) with axis x G IR 2 and angle a G [0,7r[ 
by C(x,a) := {z G IR 2 | |Z(x,z)| < a}, where Z(x, z) = arccos p|pjj denotes the angle 
between x and z. 

I 




Figure 1. The worm defined by the edge e cannot intersect the open cones C\ or C2. 

Lemma 2.1. Let T he some parallelogram tiling, with finite or infinite protoset. Denote 
the infimum of all interior angles of the prototiles by a. Let W be a worm given by some 
tile T and some edge e. Denote the two endpoints of e by e\ and €2- If a > then W 
is contained in 

M 2 \(CiUC7 2 ), where C x := e x + C(e x - e 2) a), C 2 := e 2 + C(e 2 - e u a). 

If a = then W is contained in e U (1R 2 \ aff(e)), where aff(e) denotes the affine span 
of e. 

Proof. By inspection of Figure [T] we observe that the worm defined by the edge e cannot 
intersect the cones (shaded) C\ and C2, where a > is the smallest interior angle of the 
prototiles. Using the prototile with the smallest angle a alone, the worm can line up 
along the boundary line of one of the cones at best. 

If a = 0, the open cones are empty. Nevertheless, since any tile has nonempty interior, 
the particular tile in the worm W containing e as an edge has some positive interior angle. 
Then, by the same reasoning as above, W cannot touch the line aff(e) apart from e. □ 

The last lemma shows also that a worm can have no loop. We state this result as a 
an additional lemma. 

Lemma 2.2. A worm has no loop. 

Lemma 2.3 (Crossing Lemma). Two worms cross at most once. Worms in the same 
family never cross. 

In other words: The intersection of any two worms is empty or consists of a single 
tile. The intersection of two different worms defined by parallel edges is empty. 
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Figure 2. Two worms can cross at most once. 



Proof. Consider two worms in distinct families, and put their defining edges together 
at a point (see Figure [2|. Since the tiles are parallelograms, and the interior angles 
of parallelograms are less than tt, the two worms can only cross in the direction where 
the edges form an angle less than tt. After crossing this direction is reversed. Thus no 
further crossing is possible. 

If the two worms are in the same family the crossing tile would have to have all four 
edges parallel, but no tile (with positive area) can have this property. □ 

Lemma 2.4 (Travel Lemma). Let T be some 'parallelogram tiling, with finite or infinite 
protoset. Denote the infimum of all interior angles of the prototiles by a. If a > 0, then 
any two tiles S,T inT can be connected by a finite sequence of tiles which are contained 
in a finite number of worms. Moreover, less than \2tt/oP\ different worms are needed. 
(Here \x~\ denotes the smallest k 6 Z such that k > x.) 

In plain words: If the prototiles are not arbitrarily thin, then we can always travel 
from tile 5* to tile T by walking on worms, with finitely "turns"; that is, with finitely 
many changes from one worm to another one. The proof stresses the fact that tiles 
cannot be arbitrarily thin. 

Proof. We start from tile S, and choose Wq, one of the two worms passing through S. 



As, by Lemma 2.2 Wq is not a loop, an infinite number of worms cross Wq. The tile T 
will either lie on one of these worms or between two of them. (The latter situation is 
indicated in Figure [3|) 

If T lies on one of the worms we are done. Otherwise there are two worms, defined 
by adjacent tiles in Wq, such that T lies between these two worms. Let W\ be the worm 
further from 5* and Si be the tile given by the intersection of Wq and W\. Again T 
either lies on a worm crossing W\ or between two worms. If T does lie on such a worm 
we are done. Otherwise call the worm further from Si Ho- 
using this method we obtain a sequence of worms Wq, W\, .... Note that we cannot 
visit infinitely many tiles of the same worm: In this case we would have found infinitely 
many worms passing between S and T, which is impossible, since worms cannot be 
arbitrarily thin. 

Thus we obtain a sequence of finite pieces of worms by our method. We proceed to 
show that we have to arrive at T in this way after finitely many turns. 
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Figure 3. Starting from a tile S and worm Wo, there are a set of worms crossing Wq. 

A tile T that does not lie on one of these worms must lie between two. We 
label the worm further from S with W\. 



By assumption we have a > 0. Thus after at most k := |~27r/a] turns we completed a 
full turn by 2-7T or more. Note that, by construction, the tile T is always on the right hand 
side of the current worm, or always on the left hand side. Without loss of generality, let 
T be always on the right hand side of the current worm. Now let us travel further on 
the current worm Wk, say. Either S is contained in Wk (Case 1), or on the left hand 
side of it (Case 2), or on the right hand side of it (Case 3). In the first two cases we 
have completed a loop (Case 2 is indicated in Figure [i]). 

Assume we have completed a loop. By construction, T lies inside this loop. Since, 
by construction, our sequence of worms is not crossed by any worm denned by T, the 
two worms defined by T must be contained entirely inside this loop. Since worms are 
infinite, and tiles are not arbitrarily small, this is impossible. 

It remains to consider Case 3: S is on the right hand side of our current worm Wk- 
There are two subcases: Either Wk reaches the first worm Wo, defined by S. In this 
case we have closed a loop again, yielding a contradiction. Or Wk avoids the first worm 
Wq. Now we utilize the Cone Lemma |2~T to show that this case is impossible, too. Let 



us denote the tile where we entered Wk by Sk- By Lemma 2.1, the cone Cq pointing 



outward our sequence (to the left) defined by S and the edge defining Wq cannot contain 
tiles of Wq. Similarly, the cone pointing outward defined by Sk and the edge defining 
Wk cannot contain tiles of Wk- 

Either Ck intersects Wo, then Wk intersects our worm sequence, closing a loop. Other- 
wise, since k > 2ir/a, the axis of Ck is tilted towards S, thus Cq and Ck have non-empty 
intersection. (This situation is indicated in Figure |5j) Neither Wq nor Wk can intersect 
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Figure 4. Case 2: The constructed worm sequence encircles T. 

Co fl CV Wo cannot intersect Co, and cannot intersect Ck, thus H^o and Wk have to 
intersect each other. This closes a loop, which yields a contradiction. 

Thus our constructed worm sequence cannot avoid T. Thus T is reached from S by 
using (finitely many) tiles contained in finitely many (k or less) worms. □ 

Theorem 2.5. Let T be a parallelogram tiling with a finite protoset. Let a denote the 
minimal interior angle in the prototiles. Each prototile occurs in a finite number of 
orientations in T ■ Moreover, the number of orientations of each prototile is bounded by 
a common constant. 



Proof. This is now an immediate consequence of Lemma |2.4| Fix some tile S in the 
tiling. Any other tile T of the same shape can be reached from S by a sequence of 
worms with at most k = \2ir/a] turns. Let there be m prototiles altogether. If we can 
connect S with T without any turn at all (i.e., S and T are contained in the same worm) 
there are 2 possibilities how T is oriented with respect to S. (T can be a translated 
copy of S or a reflected copy of S, yielding two different orientations unless S and T 
are squares.) If we can connect S with T using one turn, there are 2m possibilities how 
T is oriented with respect to S: m possibilities arising from the choice of the prototile 
defining the turn, and two possibilities for any such choice (left-handed or right-handed). 
Analoguously, for any turn there are 2m possibilities of changing the orientation. Thus 
there are (2m) e possibilities if we need exactly I turns. Altogether, this leaves 

k 

N := 2 + 2m + (2m) 2 + ■ ■ • + (2m) k = 1 + ^(2m) k = {(2m) k+1 + 2m - 2) 

n=0 

as an upper bound for the number of different orientations of T with respect to S. This 
is true for any tile T congruent to S. Thus there are at most iV 2 possibilities for the 
orientation of any two congruent tiles T, T' to each other. □ 

3. Remarks 



The tiling indicated in Figure [6] demonstrates that Theorem |2.5| is sharp, in the fol- 
lowing sense: it becomes false if we allow an infinite number of prototiles, even if the 
minimal interior angle a is bounded away from 0. In this example, the squares labelled 
1, 3, 5, . . . are rotated through | with respect to the square labelled (compare Figure [6|. 
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Figure 5. Case 3: The constructed worm sequence does not entirely encircle T, but 
nevertheless Wq and Wk have to cross (since the cones Co and Ck are tilted 
towards each other, Wq cannot intersect Co, and Wk cannot intersect Ck)- 



The squares with even label i ^ are rotated through ^ with respect to the square 
labelled 0. Thus these squares occur in infinitely many orientations in the tiling. 

Nevertheless, the Travel Lemma still holds in this example: The minimum interior 
angle is a = | — ^ (occurring in the thinner rhomb that touches square number 2). 
Thus any tile can be connected to the square by a (finite) sequence of tiles which is 
contained in a finite number of worms. 

The upper bound obtained in the proof of Theorem 2J5 is not optimal. For instance, 
the angle changes induced by turns are not always independent: the pair of turns induced 
by a tile of type 1 (right-handed, say) followed by a turn induced by a tile of type 2 
(right-handed) yields the same relative orientation as the pair of turns induced by a tile 
of type 2 (right-handed) followed by a turn induced by a tile of type 1 (right-handed). 
However, we don't see how to bring this upper bound below 0((2m) fc ). 

Throughout the paper we made the general assumption that all tilings are vertex- 
to-vertex, and that all tilings are locally finite. The requirement of local finiteness is 
essential, otherwise the Travel Lemma would become false: We can no longer guarantee 
that any two tiles can be connected by a finite sequence of tiles at all. 

The requirement that the tilings are vertex-to- vertex allows for the definition of worms. 
However, if the tilings are locally finite, but not vertex-to-vertex, then we can dissect 
each parallelogram into finitely many parallelograms such that the new tiling is vertex- 
to-vertex. Thus all results apply also to locally finite parallelogram tilings which are not 
vertex-to- vertex. 

Equivalent results to those proved in this paper should apply to tilings of WL d (d > 2) by 
parallelotopes. In order to generalise Lemma 2.4, however, we need to enclose some tile 
T with a finite collection of tiles. This would require further objects. In addition to the 
pseudo-lines for worms, one must also include pseudo-planes (and pseudo-hyperplanes) 
made up of linked parallelotopes sharing a parallel edge in common. 
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Figure 6. This patch illustrates how a tile (in this case a square) can lie in infinitely 
many orientations, if we allow infinitely many prototiles. 



References 

[AGS92] R Ammann, B Griinbaum, and G C Shcphard, Aperiodic tiles, Discrete Comput. Geom. 8 

(1992), no. 1, 1-25. MR 93g:52015 
[AS05] Pankaj K. Agarwal and Micha Sharir, Pseudo-line arrangements: duality, algorithms, and 

applications, SIAM J. Comput. 34 (2005), no. 3, 526 552. MR 2137080 (2005k:52036) 
[Bee82] F P M Bcenkcr, Algebraic theory of non-periodic tilings of the plane by two simple building 

blocks: a square and a rhombus, TH-Report 82-WSK04, Eindhoven University of Technol- 

ogy, 1982. 

[BFG07] Michael Baake, Dirk Frettloh, and Uwe Grimm, A radial analogue of Poisson's summation 

formula with applications to powder diffraction and pinwheel patterns, J. Geom. Phys. 57 

(2007), no. 5, 1331-1343. MR 2289650 (2008e:37013) 
[BFR08] Olivier Bodini, Thomas Fernique, and Eric Remila, A characterization of flip-accessibility 

for rhombus tilings of the whole plane, Inform, and Comput. 206 (2008), no. 9-10, 1065- 

1073. MR 2440650 (2009m:68184) 
[BFRR11] Olivier Bodini, Thomas Fernique, Michael Rao, and Eric Remila, Distances on rhombus 

tilings, Theoret. Comput. Sci. 412 (2011), no. 36, 4787-4794. MR 2856174 
[BM00] M Baake and R V Moody (eds.), Directions in mathematical quasicrystals, American Math- 
ematical Society, Providence, RI, 2000. MR 2001f:52047 
[CR06] Frederic Chavanon and Eric Remila, Rhombus tilings: decomposition and space structure, 

Discrete Comput. Geom. 35 (2006), no. 2, 329-358. MR 2195059 (2006i:52028) 
[DWMB05] N. Destainville, M. Widom, R. Mosseri, and F. Bailly, Random tilings of high symmetry. I. 

Mean-field theory, J. Stat. Phys. 120 (2005), no. 5-6, 799-835. MR 2187593 (2007a:82025) 
[Eln97] Serge Elnitsky, Rhombic tilings of polygons and classes of reduced words in Coxeter groups, 

J. Combin. Theory Ser. A 77 (1997), no. 2, 193-221. MR 1429077 (98g:05039) 
[FHK02] A H Forrest, J R Hunton, and J Kellcndonk, Cohomology of canonical projection tilings, 

Comm. Math. Phys. 226 (2002), no. 2, 289-322. MR 1 892 456 
[Fre08] Dirk Frettloh, Substitution tilings with statistical circular symmetry, European J. Combin. 

29 (2008), no. 8, 1881-1893. MR 2463164 (2010c:05028) 
[Gar77] M Gardner, Extraordinary nonperiodic tiling that enriches the theory of tiles, Sci. Am. 236 

(1977), 110-119. 

[G008O] Jacob E. Goodman, Proof of a conjecture of Burr, Griinbaum, and Sloane, Discrete Math. 

32 (1980), no. 1, 27-35. MR 588905 (82b:51005) 
[GR86] F Gahler and J Rhyner, Equivalence of the generalised grid and projection methods for the 

construction of quasiperiodic tilings, J. Phys. A 19 (1986), no. 2, 267-277. MR 87e:52023 
[GS87] B Griinbaum and G C Shephard, Tilings and patterns, W. H. Freeman and Company, New 

York, 1987. MR 88k:52018 



PARALLELOGRAM TILINGS, WORMS AND FINITE ORIENTATIONS 



9 



[HF] D. Frettloh, E. Harriss: Tilings encyclopedia, available online at: 

http: //tilings .math.uni-bielefeld.de . 

[HL04] E O Harriss and J S W Lamb, Canonical substitution tilings of Ammann-Beenker type, 
Theoret. Comput. Sci. 319 (2004), no. 1-3, 241-279. MR 2074956 

[KO07] Richard Kenyon and Andrei Okounkov, Limit shapes and the complex Burgers equation, 
Acta Math. 199 (2007), no. 2, 263-302. MR 2358053 (2008h:60038) 

[Moo97] R V Moody (cd.), The mathematics of long-range aperiodic order, NATO Advanced Sci- 
ence Institutes Series C: Mathematical and Physical Sciences, vol. 489, Dordrecht, Kluwcr 
Academic Publishers Group, 1997. MR 98a:52001 

[Pcn79] R. Penrose, Pentaplexity: a class of nonperiodic tilings of the plane, Math. Intelligencer 2 
(1979), no. I, 32-37. MR MR558670 (81d:52012) 

[Pyt02] N Pytheas Fogg, Substitutions in dynamics, arithmetics and combinatorics, Lecture Notes 
in Mathematics, vol. 1794, Springer- Verlag, Berlin, 2002, Edited by V. Berthe, S. Ferenczi, 
C. Mauduit and A. Siegel. MR 2004c:37005 

[Rad94] C Radin, The pmwheel tilings of the plane, Ann. of Math. (2) 139 (1994), no. 3, 661-702. 
MR 95d:52021 

[SBGC84] D Shcchtman, I Blcch, D Gratias, and J W Cahn, Metallic phase with long-range orienta- 
tional order and no translational symmetry, Physical Review Letters 53 (1984), 1951-3. 

[Spe] David Speyer (mathoverflow.net/users/297), Rhombus tilings with more than three di- 

rections, MathOverflow, http://mathoverflow.net/questions/78302 (version: 2011-11- 
09). 

[Sti08] Jan Stienstra, Hypergeometric systems in two variables, quivers, dimers and dessins 
d'enfants, Modular forms and string duality, Fields Inst. Commun., vol. 54, Amcr. Math. 
Soc, Providence, RI, 2008, pp. 125-161. MR 2454323 (2010c:14032) 

Institut fur Mathematik, FU Berlin 
E-mail address: frettloe@mi.fu-berlin.de 
URL: http : //page . mi . f u-berlin . de/f rettloe/ 

Department of Mathematical Sciences, University of Arkansas 
E-mail address: edmund . harrissOmathematicians . org . uk 
URL: http : / /www . mathematicians . org . uk/ eoh 



